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A new METHOD of refolving CUBIC EQUATIONS. 
By THOMAS MEREDITH, A. B. Trinity College^ Dublin. 



X HE roots of a cubic equation of this form, x* + 3 c. x* + 3 c*. tt Read June 
-[- c } — a — o which differs from a power only in its laft term, a * l 797- 
can be found, by tranfpofing, a, and extracting the cubic root on 
each fide, provided, a> is not an impoffible binomial. 

Problem. To reduce any cubic equation to this form, 
x* 4- 3 c. x % + 3 c*. x -f- c* — a — 0, that is, to reduce it to an equa- 
tion, in which, the fquare of the co-efficient of the fecond term is 
triple the co-efficient of the third. 

If the roots of a cubic equation, x* -f/>#* +qx + r=-o, are en- 
creafed or diminished by any quantity, p* and 37, will be en- 
creafed or diminifhed by an equal quantity, if multiplied, will 
be multiplied by an equal quantity, therefore their equality or 
inequality, not affected by thofe transformations. 



x = 



[ to ] 

#' +px* + qx-i r — o 

x —y~a px x = pj>* + 2 pay +p a* 

qx - qy+qa 

r = r 



p* = ga>+6ap +** and 37. = ga* -f 6 */> + 3 ^ therefore /* and $q. 

cncreafed by the fame quantity, viz. ga * + 6 ap 

x 3 +px* + qx + r — a 

y 
* = ~^ J> 3 +paj* + qa*y + a* r=o 

p % =p*a % and %q—Zqa % therefore both multiplied by the fame 
quantity, viz. <**. 

Hence it appears that the problem cannot be effected by thofe 
transformations. 

But the equation, x* +px* -f- qx + r=o by transforming the 
roots into their reciprocals, and freeing the firft term from a coeffi- 
cient becomes, x* •+■ qx 1 -\-prx + r* - therefore if in the propofed 
equation q* = 3/»r, then by transforming the roots into their re- 
ciprocals, and freeing the firft term from a co-efficient the equation 
will be reduced to the required form. 

Any cubic equation being propofed, there is a quantity, by 
which if the roots are encreafed (or diminifhed) q' will become 

equal 
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equal 3/>r, the value of this quantity may be invefligated by 
folving a quadratic equation. 

Thus let the equation be, 

x* +px l + qx + r = o 

x = 7+1 py + 2 pey +pe z 

qy + qc 
+ r 









ge * + 


\zpc' : 
9e* + 


+ 6q 
i . e % + 4pqe + f 
+ 4P* 

3 + 97 +9 r 
i2/>£ . e* 

+ 3/>* + zpq 




3< l 


+ 2pi 


? + q = 




3X 1 


e* +pt 


:*+qe 


+rx$e+p= 


e+Zpt 


<K + " 


+ i2pe l 


+ 6? 

• 

+ 4/> 2 


e*+4.pqe + q* 


=s 9<»* 


+ 97 
+ i2pe* 

+ %P* 


+ 9r 
+ 3P<? 


g +3pr 



p % +pq +q % 

.e 1 . e =0 

— 3? ~ 9 r -3/* r 

Let it be required to find the roots of this equation, 

x % + 6 x* + 3 a? + 2 = o. Subflituting in the formula 

36 +18 +9 

. <•* .e = v 27 <? 2 = 27 v <?* = 1 v e= 1. 

-9 -18-36 

A?3 
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*=zy+i 6x*- 6J 1 +i2> + 6 

3* « 3-^ + 3 

2 =__ 2_ 

I 

J' = 7. y % +9> l + 1 8^+ 12 = 



* 

* = — 
12 



2» + 182, + 1082:+ 144 = 

Extract the cubic 7 . . r 

root on each fide} *' + 18 ** + 108 z+ 216 = 72 

+ 6 = ,/ 72 v * = — 6 + 2 ^9 



z 



— 6 + 2^9 12 12 

12 — 6 + 2i/Q — 6 + 2 Vg 



fubftituting then for 2 ^/ 9 its 3 values, 2^9, — 1 +</■— 3x^9, 

— 1 — */ — 3X^9 tne ro °ts of the propofed equation will be 

12 12 12 

+ x » ' , r~ , =="-r- + i, — 77 F T + I 



— 6 + 2 ^9 ' — 6 £-1 + •— 3. ^ 9 ' — 6 — -i— V— 3- ^9 

But the roots of the given equation may be found after one 
transformation, for the roots of the final equation are expreffed 
in the co-efficients of the firft transformed equation, and the 

root 
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toot of the firft transformed is its abfolute quantity divided bf 
the root of the final equation. 

Let the equation when its roots are encreafed by <?, be 
i 



z 



v~ r rv z + qv x -\-pv+ r =o 

z* +f z* +rpz + r 2 —o 



fV^ 



r' 



3 • ^~~ r 



,3 



When the value of e, by which the roots are to be encreafed 
(or diminifhed) is impoflible the coefficients of the transformed 

equation will be impoflible binomials v a = -— — r' an impoflible 

binome (unlefs in particular cafes the coeff. of the impoflible part 
vanifhes) hence it appears that a, and e, will be poflible or im- 
poflible in the fame cafes. 

Vol. VII. K If 

* Since the equation z } + qz* + rpz -f r* may be thus expreffed 

z* +3. Xz» + 3. £2 + 1'= £ — r\ 

3 9 21 Zl 
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P 

If the roots of a cubic equation are encreafed by — r the fecond 



P IP* 9 
term will vanifli, if by — — + <J -7 the third term will vanifli, 

therefore if p* = 3 q the fecond and third terms may be exterminated 
together, therefore the equation will have two impoffible roots ; 
hence it appears that the equation of the required form has two 
impoffible roots * confequently the value of e, by which the roots are 
to be encreafed will be impoffible when all the roots of the propofed 
equation are real v tf, whofe cubic root muft be computed, will be 
an impoffible binomial, unlefs in the particular cafes where the 
coefficient of the impoffible part vanilhes. 

It remains to be proved that when the propofed equation has 
but one poffible root, the value of e> by which the roots are to be 
encreafed (or diminifhed) will be poffible and confequently tf, 

Let the roots be — m + ^ — n, —m — \/ — n, —b 
p— 2m + b, q=m z +n+2bm, r=bm*+bn 

7 +P9 '+?* 

.e* .e = 

"3? -9 r -Zpr 



m\ 



* That the equation of the required form has two impoffible roots, appears alfo 
from this, that two of the cubic roots of a, are impoffible. 
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m\ e l + zmK e + m* 

— zbm — \bm x — zbm 3 

— 372 + imn + b' m- 
b 2 -f- 2b % m — ibmn 

— Sb/z + mm* 

- 3 ** n 

+ n 

Call the coefficients (3, y, $, _ y __ /y l fit 

therefore it is to be proved that ~ — /Q I is affirmative, and confe- 
quently the fquare root poffible. 

y* .* 

•— —tn 3 —2bm 2 -\-mn + b 2 m~- 4-bn = 

nt 9 —4-bm s +2n. m* —i2bn. m 3 f iSb 7 n. m 2 — 8bn z . m-\-i6b'n a 
+6b 2 — \b l + n 2 —8b 3 n 

+ b 4 
(32= m 4 —zbm 3 -i-b i m 1l —2bmn+2nm' l —^b z n-f-n^xm' i —2bm—^n+b z = 

m 6 — 4.bm s +6b t .m 4 —<i r b*.m i — $n\m z + 4.bn z . m + iob 2 n* 

— n + b*. +4^ J n — 3«* 

— 3^ + « 

21— |G3= a/7, to 4 — 12 in. m 3 + i8b t n.m z — izbn' l .m^r6b % n z 

4 

+ dn % —i2b 3 n + 3# 5 

K 2 but 
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but this remainder may be refolved into thofe parts. 



m 



4 —ifbm} + 6b*m l — 4^ J m + b* x3» = *» — £.* 3» 

+ 3»* = 3* s 



«, is affirmative, and w — b* and /w— £ * alio affirmative therefore 
the remainder affirmative. 

Let the roots be — m —m— b 

m % . e % + m*. 2 m. e 4- m* . nf 
— ibm — o,bm — 2 bm =0 

+ fr + P + b % 



e 7, + zm. e-\-m* — o 



e =. — m + <//»*—*»* 

therefore when two roots of the propofed equation are equal, the 
value <?, by which the roots are to be encreafed will be one of the 
equal roots, therefore the two kft terms of the transformed equation 
will vaniffi, therefore reducible to a fimple equation, which will give 
the remaining root e.g. x* -\r 7 x* + \6x-\- 12 = 

49 +112 +256 



• ** .e =o'.v* + 4' + 4=o'.'« = -2+^4 — 4 

— 48 —108 —252 



*' = 
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H—y + 2 



X* 5=5 


y % — 6y*+ iiy— 8 




7** 


7j>* — 28j» + 28 




i6k 


i6jp— 32 




12 


+ 12 






j' 3 -Vf 1 . . =0 




• 


._y= — I v# = — 3, — 2, 


— 2. 



